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Abstract— We consider the maximum-likelihood decoding of
single parity-check (SPC) product code. We first prove that,
for the family of SPC product code, the fractional distance and
the pseudo-distance are both equal to the minimum Hamming
distance. We then develop an efficient algorithm for decoding SPC
product codes with low complexity and near maximum likelihood
decoding performance at practical SNRs.

I. INTRODUCTION

The linear Programming (LP) decoding [1], [2], [3] opens
up a new avenue for the decoding of general linear block
codes. The solid theoretic foundation of LP makes it simpler
to analyse than the conventional message-passing decoders.
In addition, the concept of pseudo-codeword arising from the
LP decoding can be used to characterize the performance
of iterative decoding algorithms such as the sum-product
algorithm [4], [5], [6], [7].

An interesting yet open problem in coding theory is whether
there exist any practical “good” codes which are maximum-
likelihood decodable under low-complexity decoding algo-
rithms such as the sum-product algorithm or LP decoding
method. The term “good” here has three different meanings.
First, the code must be able to achieve near capacity per-
formance. Second, it should has low encoding complexity.
Thirdly, it must be able to provide a wide range of code rates
and block sizes.

It is known that pseudo-codewords account for decoding
failures of iterative algorithms based on message-passing or
linear programming. The LP decoder is guaranteed to output
a ML codeword if the LP polytope (or fundamental polytope)
is exactly the same as the code polytope. However, it seems
this condition is too conservative, and so far no “good” codes
satisfying this condition have been found. A better alternative
is to consider codes with pseudo-distance equal to minimum
Hamming distance. Indeed, it has been shown that if the
pseudo-weight spectrum gap for a code is strictly positive,
the performance of the LP decoder approaches that of the ML
decoder when the SNR goes to infinity [8].

To goal of this paper is to present such a class of “good”
codes and a corresponding fast ML decoding algorithm. We
show that, for the family of SPC product codes, the fractional
distance and pseudo-distance are both equal to the minimum
distance. Inspired by this fact, we develop an efficient subgra-
dient decoder that achieves near ML decoding performance for
SPC product codes. To the best of our knowledge, this is the
first group of capacity approaching codes [9] which have been
shown to be practically maximum-likelihood (ML) decodable
under efficient decoding methods inspired by LP decoding.

The rest of this paper is organized as follows. Section 2
reviews the linear programming decoding and the definition
of pseudo-codewords, fractional distance and pseudo-distance.
In Section 3, we show that the fractional distance and pseudo-
distance of the SPC product code are both equal to the
Hamming distance. We propose an efficient decoder based
on dual decomposition method for the SPC product code in
Section 4. The simulation results are shown in Section 5.
Section 6 contains the conclusion.

II. LP DECODING

Let x denote the transmitted codeword over the noisy
channel, and y denote the received codeword. Given y, the
ML decoding problem is to obtain the estimated codeword
that maximizes the likelihood of observing y under the channel
model. Define νi as the log-likelihood ratio given by

νi = log
Pr[yi|xi = 0]
Pr[yi|xi = 1]

, (1)

The ML decoding corresponds to finding the codeword f =
[f1, f2, ..., fn]T that minimizes

∑n
i=1 νifi [3]. We may inter-

pret νi as the “cost” of decoding fi=1.

Denote the parity-check matrix of the binary linear code as
H = [Hij ]m×n, the integer programming formulation of the
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ML decoding problem is then given by

min
n∑

j=1

νjfj

s.t.

 n∑
j=1

Hijfj


2

= 0, ∀i, and fj ∈ {0, 1}, ∀j.(2)

where [·]2 denotes the modular-2 operation.
Assume there are γi ones in the ith row of the parity-check

matrix H with the index [β1, ..., βγi
]. Thus the ith parity-check

constraint can be written as[
γi∑

k=1

fβk

]
2

= 0, fj ∈ {0, 1}, 1 ≤ j ≤ n. (3)

Let Ωi = {̄f = [f1, f2, ..., fn] :
f̄ satisfies constraints in (3)}. The motivation of the LP
decoding is to replace Ω1,Ω2, ...Ωm in (2) by their
corresponding convex hulls to obtain a linear programming
problem, given by

min vT f, s.t. f ∈ conv(Ω1) ∩ conv(Ω2)...conv(Ωm). (4)

The set Ωi is specified by the nonlinear parity-check con-
straint and integer constraints thus its convex hull cannot
be obtained directly. One approach is to introduce auxiliary
variables and replace the nonlinear parity-check constraint by
a collection of linear constraints so that the corresponding
convex hull can be obtained by simply relaxing the integer
constraints. In [3], an LP formulation (F-LP) is proposed.
But the number of auxiliary variables and constraints in this
formulation increases exponentially with the degree of check
nodes, which renders it impractical to linear codes with high-
density parity-check matrices. In addition, for practical appli-
cations in which the code length is at least several hundred, the
corresponding LP is too complex to solve even by using the
efficient algorithms described in [10], [11]. A cascaded LP
formulation (Y-LP) is proposed in [12]. In this formulation,
the number of constraints and variables increase only linearly
with the degree of check nodes.

III. DISTANCE PROPERTY OF THE SPC PRODUCT CODE

An SPC product code is a relatively large code built from
smaller codeword blocks and its performance can be within 1
dB of the Shannon limit [14]. In addition, it has been shown
that asymptotic probability of bit error can be driven to zero
within 2 dB of the capacity of the additive white Gaussian
noise channel [9] for an SPC product code. Without loss of
generality, here we consider only the (ns, ds) SPC product
code [14], where ns is the length of its component code and
ds is its dimension. This code can be represented as a ds-
dimensional cube and the component code in each dimension

is an SPC code with block length ns. Thus the length of

this code is nds
s and its rate is

(
ns−1

ns

)ds

. For example, the
two-dimensional SPC product code consists of a data block,
parity checks on rows, parity checks on columns and a check
on checks. Please note that although the rate of this code
approaches zero when the block length grows to infinity, it can
achieve near capacity performance for practical block length
and code rates [14]. In addition, asymptotic analysis has shown
that there exist SPC product codes with non-zero rate which
can approach the channel capacity when the block length goes
to infinity [9].

Ideally, if we can get the convex hull of all codewords, i.e.,
conv(Ω1 ∩Ω2...Ωm), then the ML codeword can be found by
performing LP decoding over this convex hull. The following
two results give examples of such an ideal parity-check matrix
H.

Proposition 1 If the parity-check matrix satisfies∑n
j=1 Hi1,jHi2,j = 0 for some i1 and i2, then we have

conv(Ωi1) ∩ (Ωi2) = conv(Ωi1) ∩ conv(Ωi2).

Proposition 2 If there exists at most one ‘1’ in each column
of the parity-check matrix H, we have conv (

⋂m
i=1 Ωi) =⋂m

i=1 conv (Ωi) . Thus the pseudo-codeword is the ML code-
word

The proofs are straightforward and thus omitted here. These
two propositions can also be regarded as consequences of the
Lemma 28 in [5], i.e., the linear programming relaxation is
exact for trees.

However, in general, the polytope used in LP is not equiva-
lent to the convex hull of the codewords, thus the ML decoding
performance can not be obtained. For codes with small length,
we can employ efficient integer programming techniques such
as the branch-and-bound method to improve the decoding
performance [10].

In [3], the fractional distance of an LDPC code is calculated
by solving a group of LP problems. An objective function is
minimized over the faces of the original polytope. The pseudo-
distance [5] is a better metric to characterize the performance
of an LP decoder. Denote by �f ,�p and �m the fractional
distance, pseudo-distance and minimum distance respectively.
In general, we have �f ≤ �p ≤ �m, and thus the performance
of an LP decoder is inferior to that of the ML decoder.
Here, we show theoretically that for SPC product codes, the
fractional distance is equal to the minimum distance, i.e.,
�f = �p = �m. In order to show this, the following two
propositions are needed.

Proposition 3 The fractional distance and pseudo-distance of
any single parity-check code is equal to 2.
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Proof: The parity-check matrix of any single parity-
check code contains exactly one “‘1” in each column. Thus it
follows from Proposition 2 that the LP polytope is equivalent
to the code polytope. Therefore, its fractional distance and
pseudo-distance are equal to 2, which is the minimum distance
of any SPC code.

Proposition 4 Any feasible solution f to the LP decoding
problem for any SPC code is either an all-zero codeword or it
contains at least two non-zero bits, i.e., fi > 0, fj > 0, 1 ≤
i, j ≤ n.

Proof: Since the polytope of any SPC code is a convex
hull, any point inside can be expressed as a convex combina-
tion of its extreme points. In addition, all points in the polytope
are in the positive orthant. It follows from Proposition 3 that
any non-zero extreme point contains at least two non-zero
elements. Therefore, if f is not an all-zero codeword, it must
contain at least two non-zero elements.

Based on the above two propositions, we are ready to prove
the following theorem.

Theorem 5 The fractional distance and pseudo-distance of
any ds-dimensional SPC product code are equal to its mini-
mum distance, i.e., �f = �p = �m = 2ds .

Proof: It follows from Proposition 4 that the above
theorem holds for ds = 1. We will prove this theorem by
induction. Suppose that it is true for ds = η. An (ns, η + 1)
SPC product code consists of ns component codes where each
component code is an (ns, η) SPC product code. Since it is not
an all-zero codeword, due to the assumption, at least one of
these component codes is a non-zero pseudo-codeword and
its minimum fractional distance is 2η . On the other hand,
it follows from Proposition 4 that there is at least another
non-zero element outside this (ns, η) component code, which
leads to at least another non-zero (ns, η) component pseudo-
codeword. Hence, the fractional distance of an (ns, η+1) SPC
product code is no less than twice the fractional distance of an
(ns, η) SPC product code, which equals to 2η+1. It is known
that the minimum weight of an (ns, η+1) SPC product code is
2η+1 [14]. Thus, the fractional distance of any ds-dimensional
SPC product code is equal to 2ds and its pseudo-distance is
equal to 2ds .

The concept of pseudo-weight spectrum gap has been
introduced in [8] to characterize the performance gap of the
ML decoder and LP decoder. The pseudo-weight spectrum
gap can be loosely defined as the difference between the
smallest pseudo-weight of the non-codeword pseudo-codeword
and the minimum distance. If the pseudo-weight spectrum
gap is strictly positive, the performance of LP decoder will

converge to that of the ML decoder when SNR grows to
infinity. Since the fractional distance of the class of codes
under consideration is equal to their minimum distance, it
is easy to show that the minimum distance is smaller than
the pseudo-weight of all other pseudo-codewords. We can
therefore obtain the following theorem.

Theorem 6 The pseudo-weight spectrum gap of the SPC
product code is strictly positive.

IV. A FAST LP DECODER FOR SPC PRODUCT CODES

Typically, general LP problems are solved by the interior-
point method or the simplex method [15] and their variations.
On the other hand, some codes exhibit specific structures that
can be exploited to devise more efficient decoding algorithms.
For example, low-complexity algorithms based on the F-LP
formulation are proposed in [10], [11] for an LDPC code. In
this section, we develop a fast decoding algorithm for SPC
product code.

In [12], the Y-LP formulation is given by

min qT d, s.t. Ad � b; 0 � d � 1. (5)

where the matrix A and b are a matrix and the corresponding
right-hand side obtained from the original constraints in (2).
� denotes component-wise smaller.

Note that, the parity-check matrix of an (ns, ds) SPC prod-
uct code can be decomposed into ds sub-matrices such that
each sub-matrix satisfies the conditions for Proposition 2, that
is, there exists at most 1 in each column of the matrix. Hence,
A and b in (5) can be decomposed as A =

[
AT

1 , ..., AT
ds

]T
and

b =
[
bT
1 , ..., bT

ds

]T

, and the optimization problem in (5) can
be reformulated as

min qT d, s.t. A1d � b1; ...; Ads
d � bds

; 0 � d � 1. (6)

By employing the Lagrange dual method [16], for a given
vector p � 0, (6) can be transformed into the following dual
problem

L1(p) = min
A1d�b1; 0�d�1

qT d + pT (b̄1 − Ā1d), (7)

where Ā1 consists of all sub-matrices of A other than A1,
i.e., Ā1 = A/A1 and b̄1 = b/b1. In addition, denote H1 as
the parity-check sub-matrix corresponding to A1. Define the
auxiliary variables u =

[
uT

1 , ū1
T
]T

, where u1 corresponds to
the auxiliary variables generated by the parity-check matrix
H1. Recall that d = [fT , uT ]T . Since the sub-matrix of
Ā1 corresponding to u1 is a zero matrix, we have Ā1d =

Â1

[
fT , ūT

1

]T

, where Â is the sub-matrix of A corresponding

to
[
fT , ūT

1

]T

. Similarly, the sub-matrix of A1 corresponding
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to ū1 is a zero matrix, therefore we have A1d = Ã1

[
fT , uT

1

]T

,

where Ã is the sub-matrix of A1 corresponding to
[
fT , uT

1

]T

.
On the other hand, due to Proposition 2, the pseudo-codeword
of the LP decoding problem given in (7) must be integer; and
thus the constraints A1d � b1, 0 � d � 0, are equivalent to
the following constraints[
HT

1 f
]
2

= 0, fi ∈ {0, 1},∀i; Ã1

[
fT , uT

1

]T

� b1, 0 � u1 � 1. (8)

Let pT Ā1d = pT Â1

[
fT , ūT

1

]T

= −aT f− āT ū1, where Â
T

1 p =
−[aT , āT ]T . Denote v̄ = v + a, since qT d = vT f, (7) can be
reformulated as

L1(p) = pT b̄1

+ min
[HT

1 f]2=0,fi∈{0,1},∀i;Ã1[fT ,uT
1 ]T �b1,0�u1�1

vT f

−pT Â1

[
fT , ūT

1

]T

,

= pT b̄1 + min
[HT

1 f]2=0,fi∈{0,1},∀i
v̄T f + min

0�ū1�1
āT ū1.(9)

The second optimization problem can be easily solved by
setting the variable as 0 if their coefficients in (9) are positive
and set as 1 if their coefficients are negative. In addition,
since H1 satisfies Proposition 2, every parity-check of this sub-
matrix is independent of the others. Thus the first optimization
problem in (9) can be fully decomposed into independent sub-
problems as follows. Suppose that there are γi ones in the ith

row of H1, located at {β1, ..., βγi
}. The sub-problem can be

written as

min
γi∑

k=1

ν̄βk
fβk

, s.t.

[
γi∑

k=1

fβk

]
2

= 0, fβk
∈ {0, 1}. (10)

This sub-problem can be efficiently solved by the following
Wagner decoding subroutine.

Procedure Parity-Decoding({ν̄βk
}γi

k=1).

• Set f̂βk
= −sign(ν̄βk

)+1

2 .

– If
[∑γi

k=1 f̂βk

]
2

= 0, stop,

– otherwise let f̂βj
← 1 − f̂βj

,
where βj = argmin(abs(ν̄βk

)).

• Output {f̂βk
}γi

k=1

Assume there are m̄ rows in the sub-matrix H1, we can
simply run the above sub-routine in parallel for each row
to solve the first optimization problem given in (9). After
we generate the codeword f, we can perform the following
heuristic to obtain the auxiliary variables u. For the ith row

of the matrix H, if the obtained solution satisfies this parity-
check, we can generate the corresponding auxiliary variables
based on the parity-check constraint. If the obtained solution
does not satisfy this parity-check constraint, the corresponding
auxiliary variables are generated based on their coefficient in
(9), i.e., they are set as 0 if their coefficients in (9) are positive
and set as 1 if their coefficients are negative.

Assume that the optimal solution to the original Y-LP is d∗,
we have L1(p) ≥ qT d∗. In order to obtain the optimal solution
to the LP problem, we need to solve the following problem

max L1(p), s.t. p � 0. (11)

This problem can be solved by the subgradient method. A
subgradient of a concave function L1(·) at p is a vector h such
that L1(g) ≤ L1(p) + hT (g − p) for all g. Denote d̃ as the
solution of (9), a subgradient of the function L1(p) is given by
b̄1 − Ā1d̃. Therefore, we can obtain the following algorithm.

Algorithm 1 (Decomposition method for Y-LP decoding)

1) Set t=0 and p0 = 0.
2) Solve the primal problem given in (9) as outlined above

to obtain dt.
3) Calculate the subgradient st = b2 − A2dt.
4) If ||st|| ≤ ε, stop, otherwise let pt+1 = [pt + θtst]+,

t = t + 1, go step 2.

Here [·]+ denote the projection onto the non-negative or-
thant and ε is a pre-defined threshold. θt is a stepsize; and if
it satisfies certain conditions such as those given in [15], then
this method converges.

Furthermore, we may employ a joint subgradient decoder
to improve the decoding performance. In this decoder, we can
select one group of constraints in (6) as the hard constraints
and move the other constraints to the objective function,
leading to the following problem that is similar to (7)

Lj(p) = min
Ajd�bj ;0�d�1

qT d + pT (b̄j − Ājd), 1 ≤ j ≤ ds. (12)

We can run a given number of iterations of the above
subgradient decoding algorithm for each problem in (12) and
then the one with the maximum objective value is taken as the
final result. Such a method can provide a diversity gain and
thereby improve the decoding performance. Note that the pro-
posed subgradient decoder is based on a dual-decomposition
approach, which is different from the subgradient methods
used in [3], [11]. In addition, when the dimension of a
product code increases, a multi-level decomposition scheme
can be employed to preform the decomposition iteratively,
and a corresponding multi-level decomposition decoder can
be developed.
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Simulation: The convergence behavior of the proposed sub-
gradient decoder for a (4,4) SPC product code is shown in
Fig. 1. The performance of the subgradient decoder, the joint
subgradient decoder, the LP decoder and the corresponding
ML lower bound are illustrated in Fig. 2 for a (5, 2) code. It is
seen that the LP decoder can practically achieve the ML lower
bound. The performance of the simple subgradient decoder
incurs loss of a fractional of a dB with respect to that of
the LP decoder. However, the joint subgradient can achieve
the LP performance at high SNR at the expense of a higher
complexity.

V. CONCLUSIONS

We have proved that, for the family of SPC product codes,
the fractional distance and pseudo-distance are both equal
to the minimum distance. Moreover, we have developed an
efficient decoder by exploiting the code structure and our new
LP formulation for SPC product codes. To the best of our
knowledge, this is the first family of practical codes that have
been shown to achieve the ML decoding performance by using
methods inspired by LP decoding. Finally we remark that the
proposed new LP formulation may open up new avenues to the
analysis of other structured block codes as well as the design
of corresponding efficient decoding algorithms.
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